In this note we study fermionic zero modes in gauge and gravity backgrounds taking a two dimensional compact manifold T 2 as extra dimensions. The result is that there exist massless Dirac fermions which have normalizable zero modes under quite general assumptions about these backgrounds on the bulk. Several special cases of gauge background on the torus are discussed and some simple fermionic zero modes are obtained.
I. INTRODUCTION
Recently, there has been active interest in the brane world scenarios [1] [2] [3] [4] [5] [6] [7] [8] . The pioneering work was done by Randall and Sundrum [2, 3] . In a five-dimensional brane world scenario, they assumed that the bulk geometry is warped. The RSI scenario provides a way to solve the hierarchy problem, and the RSII scenario gives Newton's law of gravity on the brane of positive tension embedded in an infinite extra dimension. Another interesting topic is localization of different fields on a brane. It has been shown that the graviton [3] and the massless scalar field [9] have normalizable zero modes on branes of different types, that the Abelian vector fields are not localized in the RS model in five dimensions but can be localized in some higher-dimensional generalizations of it [10] . In Ref. [11, 12] it was shown that there exist massless Dirac fermions under quite general assumptions about the geometry and topology of the internal manifold of the higher-dimensional warp factor compactification.
However, these fermionic modes are generically non-normalizable. To avoid this problem, 
are usual four-dimensional Dirac matrices in the chiral representation:
here σ i are the Pauli matrices. Γ A have the following relation:
The non-vanishing component of Ω M is
We denote the Dirac operators on M 4 and T 2 with D M and D T , respectively:
Then we have the following commutative relations:
and can expand any spinor Ψ in a set of eigenvectors φ m of the operator
There may exist a set of discrete eigenvalues λ m with some separation. All these eigenvalues play a role of the mass of the corresponding four-dimensional excitations [13] . We assume that the energy scales probed by a four-dimensional observer are smaller than the separation, and thus even the first non-zero level is not excited. So, we are interested only in the zero modes of D T :
This is just the Dirac equation on the torus T 2 with gauge and gravity backgrounds. For fermionic zero modes, we can write
where ψ and φ satisfy
The effective Lagrangian for ψ then becomes
Thus, to have the localization of gravity and finite kinetic energy for ψ, the above integral must be finite. This can be achieved if the function φ(θ, ϕ) does not diverge on the whole torus. This is very different from the case considered by Randjbar-Daemi and Shaposhnikov [11] , who did this work on a D = D 1 + D 2 + 1 dimensional manifold with the geometry
under the assumptions A µ = A r = 0 and A m = A m (y). Their effective Lagrangian for ψ is
and the difficulty is that the integral dre −A(r)/2 is infinite for the exponential warp-factor A ∝ −|r| considered in the literature so far.
In this section, we discuss and solve the fermionic zero modes under some simple assumptions for gauge field A θ and A ϕ on the torus.
A. Case I:
In this assumption, the Dirac equation (9) becomes
Here φ can be written as the following form:
where f and h satisfy
Solve the last two equations one can easily get the formalized solutions:
This result shows that, whatever the forms of A θ (θ) and A ϕ (ϕ) are, the effective Lagrangian for ψ has the same form.
This simple case is considered by J. M. Frere etc. [14] . But a complex scalar field Φ(θ, ϕ) on S 2 is included in their work. For our current ansatz, The Dirac equation (9) is read as
where f (θ) = C is a constant and h satisfies
i.e.
Imposing the chirality condition γ 5 h(ϕ) = +h(ϕ), the above equation can be written as
So, the formalized solution of h can be given out
Let C = 1, the effective Lagrangian for ψ then becomes
When the Yang-Mills field on T 2 disappeared, the zero mode φ(θ, ϕ) take the following simplest form
and the effective Lagrangian is
Now we come to the issue of the presence of the zero modes. The the number of zeromodes of the Dirac operator is decided by the index of it. The index of the Dirac operator on manifold K is defined as the difference n + −n − between the number n + of right-handed fourdimensional fermions obtained by dimensional reduction and the number n − of left-handed 4D fermions. This number is a topological quantity of the manifold upon compactification and the gauge bundles the Dirac operator might be coupled to. Indeed, this index can be computed in terms of characteristic classes of the tangent and gauge bundles. The AtiyahSinger index theorem in two dimensions gives the difference [15, 16, 17] 
where ε µν (ε 12 = 1) is the contravariant Levi-Civita tensor density in two dimensions, and F µν is the field strength of A µ ,
If we take K = S 2 with a U(1) magnetic monopole field of charge n on it, the number of chiral families will then be equal to n [18, 19] . Here, we can consider zero modes of the Dirac operator in the background of Abelian gauge potentials representing Dirac strings and center vortices on the torus T 2 . The result is for a two-vortex gauge potential (smeared out vortices) there is one normalizable zero mode which has exactly one zero on the torus [20] .
The probability density of the spinor field is peaked at the positions of the vortices.
IV. CONCLUSION
In conclusion, we studied fermionic zero modes and effective Lagrangian in gauge and gravity backgrounds taking a two dimensional compact manifold T 2 as extra dimensions.
The result is that there exist massless Dirac fermions under quite general assumptions about the gauge field on the bulk. These fermionic zero modes are generically normalizable and we need not include any other field. Furthermore, Several special cases of these backgrounds are also discussed. Especially, in the case of A θ = A θ (θ), A ϕ = A ϕ (ϕ), we got very simple fermionic zero mode on the torus and the effective Lagrangian for ψ, which has the same form whatever these gauge fields are.
